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Within the framework of boundary conditions recently developed for the linearized Boltzmann
equation !, the problem of heat transfer between parallel plates can be solved in terms of “trans-
pert-relaxation eigenfunctions”. The particle distribution function and the total heat transfer in
the Knudsen case are exactly expressed by integrals over the interfacial scattering kernel occurring
in the new scheme. A detailed discussion of the general case gives an exact formula and sign
statement for the temperature jump at parallel plates. An approximation, which encompasses
v. Smoluchowski’s approach, lies at hand. This approximation is also readily confirmed by a

moment method.

As another application of the boundary condi-
tions recently developed for the Boltzmann equa-
tion !, the heat transfer through a Boltzmann gas be-
tween two parallel plates of slightly different tem-
peratures is studied in this paper. The new bound-
ary conditions, of quite a general character, form a
closer union with the linearized Boltzmann equation
than those which have been in use up to now. As a
consequence thereof, a lucid formal solution of the
said heat transfer problem is now possible, for any
pressure from the Knudsen to the hydrodynamical
regime.

The boundary value problem in the kinetic theory
of gases is old. It dates from Maxwell’s times and is
still fascinating. The general properties of surface
scattering laws have been studied not so long ago 3,
but in a way different from the method developed in
Reference '. An extended literature exists already on
the heat transfer through a gas between parallel
plates, see . Because the present approach has a
novel starting point, it may be permitted and con-
venient to give a rather coherent account of the
theory. An excerpt has been published before 5. The
present paper also supplements related approximate
considerations of the same problem ©.

1. Formulation of the Problem

The gas, medium I, shall be confined between the
two parallel plates resting at z = £ d/2, of the same
material, medium II. The temperatures of the plates
Ty (+d/2), slightly different, are given. The sta-
tionary state of the gas has to be determined from
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the linearized Boltzmann equation and its boundary
conditions.

The distribution function of the gas deviates
slightly from an absolute resting Maxwellian with
temperature T:

f=h(1+ D).
The relative deviation @, in the following simply
called “the distribution”, depends, besides the mo-

mentum, on the z-coordinate only and obeys the
linearized Boltzmann equation

c; 9P/dx+w (D) =0. (1.1)

As to the dependence on the particle momentum, the
distribution is rotationally invariant about the p,-
axis:
D=D(z,p) =D (x, pss p?)
with p*=p,2+p,2+p.>.

(1.2)

The “thermodynamical force exerted by the solid at
the interface” z=d/2 or —d/2 is

Fy= (Ty—Ty)/T,, (1.3)
cf. §4 of Reference!. The Fyj(+d/2) are the ap-

plied “driving forces”. The resulting distribution
will be linear in them.
Without loss of generality, let us from now on

choose
d d
—FII<—§>=FII (§>

This means that the “driving force” is unchanged if
the plate arrangement is reflected at the point X =0,
with simultaneous sign reversal on the Fyi’s. So,
because @ is proportional to, say, Fyj(d/2), the
distribution must have the corresponding (anti-)
symmetry

(1.4)

~D(—z,—p)=D(z,p) . (1.5)
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Denoting the “time reversed” state by

(I)T(Ia p) = (p(x9 _p) ’ (16)

one can express the symmetry (1.5) in an ab-
breviating manner as

—Dp(—2) =D (2) . (1.7)

The boundary conditions have been formulated
in Ref. ! in terms of the interfacial force-flux pair of
the gas

1
Vi—P+(©+¢T)I:d2’

1
]I=’1/§‘P+ C((p— (I)T)I:dQ

and of the interfacial force-flux pair of the solid

(8
| —_— (g)/PO.

Due to (1.4) and (1.5) it is only necessary to talk
about the wall x=d/2. In (1.8)

P,=P,(c)

Fr=

(1.8)

(1.9)

means the Heaviside step function, P, =0 for ¢ <0,
P.=1 for ¢>0, of the particle velocity component
in the direction of the outer unit normal My of the

gas

c=c'ny, hence c=c, at z=d/2. (1.10)

The heat flux component ¢y in (1.9) has the mean-
ing

gu=qu Ny, hence gp= —gq, at z=d/2, (1.11)

where M= — M is the outer unit normal of the
solid. Py=ny kT, is the absolute equilibrium pres-
sure.

In terms of these quantities, the boundary condi-
tions at the resting wall at x=d[2 are
Ji(p) =[Lit(p, p") Fr(p")dY" + Liu(p) Fur A1

FIIa
(1.13)

Ju =[Liu() Fi(p)dy +Lun

according to Eqgs. (4.15) of Reference !. The inte-
gration element is

dy:ﬁd3p, hence [dy=1.

ny

(1.14)

The kernel L;;, with the dimension of a velocity,
Onsager-symmetrical in p, p’, has the projection
properties

P.(c)Li1(p,p’) =Li1 (p,p’) P.(c")
=L (p,p’) .

The impenetrability of the wall for the gas particles
is expressed by

(1.15)

Jdy L (p,p’) =0. (1.16)

Energy conservation in the interface entails the
dependences

Lin() =—-V2[Lii(p,p)edy

Liu =-V2[dyeLin(p)
=2[[dyeLi;(p,p’) ¢ dy. (1.18)
The dimensionless energy
e=p*2mkT, (1.19)

has been introduced. In view of (1.17) and (1.18)
one may say that the kernel L;; completely de-
scribes the scattering properties of the wall. The
second boundary condition (1.13) is a linear con-
sequence of the first condition (1.12).

(1.17)

2. Transport-Relaxation Eigenfunctions

The method to treat the plate problem starts from
particular distributions with an exponential behav-
iour in space

Doce Ty (p), (2.1)

where € is an arbitrary unit vector, k£ an eigenvalue
parameter. Insertion into the linearized Boltzmann
equation gives

—kecey+w(y)=0.
Eigenfunctions with cylindrical symmetry

w=2v(pz»> p?) (2.2)

are needed only and considered in this paper. Iden-
tifying €-@ =c, and assuming the eigenvalues k; to
be discrete, leads to the eigenvalue equation for the
“transport-relaxation eigenfunctions™ ;

—kicyi+o(y;) =0. (2.3)

The linearized Boltzmann collision operator and
therefore also the k; are proportional to the absolute
equilibrium pressure

w( YocPy, ki<Py. (2.4)
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The time-reversal operation, p— —pP, transforms

(2.3) into

kicayir+o(yir) =0, (2.5)

because the collision operator is invariant under
time-reversal, [®w(y)]r=w(yr). Equation (2.5)
says that v;r is also eigenfunction, with the eigen-
value — k;; they are in pairs. It is convenient to
number in the following way

—0=SiZ 4o, (26)

Yir=%-i,
which implies the correspondence

k_i=—Fk. (2.7)

For definiteness, the eigenvalues shall be ordered
according to

ki+1>kl'>0 fOI' lzl. (2.8)

Equation (2.3) contains two selfadjoint opera-
tors, ¢, and . In this form it is not yet an ordinary
eigenvalue equation. However, the positive-semi-
definite collision operator,

Jvow)dy =20, (2.9)

can transiently be made positive-definite by replacing
it by
o, (yp) = o) + 2y where Q— +0. (2.10)

Then, the square root operator w, 1?2 exists and
instead of (2.3) one can write

—1/2

0,12 (yp) + w2 (y) =0.
(2.11)

—kw, 12 c 0,

This is now an ordinary eigenvalue problem for the
selfadjoint operator m, 1% ¢, w, 12 with complete,
orthonormalized eigenfunctions @ /2 (v).

This orthonormalization can equivalently be in-
ferred from Eq. (2.3) itself, written down for two
different eigenvalues k;, ky . Multiplying by v and
—1; respectively, integrating over dy and summing
gives

(—ki+ke) [ i,y dy=0.

Use has been made of the selfadjointness

Jyiow)dy=fyrow)dy. (2.12)
Under the non-degeneracy assumption
ki=ky onlyfor i=i",
one can “orthonormalize™ in the sense
ki f wicoye dy =0iv . (2.13)
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For i = this is clear, and for i =i  one has
ki [ wicawidy = [y, (w;)dy >0,

which is positive indeed and can be put equal to
one. From (2.4) and (2.13) follows

Yo P12

(2.14)

(2.15)

as the dependence of the normalized eigenfunctions
on the absolute pressure.

The two pairs of near-to-zero eigenvalues of (2.3),
with o, instead of w, are

ki Q, kioxVQ. (2.16)

The eigenvalues for |i| = 3 however have non-zero
values for £ = 0. This is discussed in the appendix.
In § 3 we shall treat the eigenfunctions .y, y.9
on the same footing with the others for |i| > 3.
This implies that the limit 2— +0 is taken only
afterwards. A most uniform description is thus at-
tained, but the physical meaning will remain hidden
to some extent. In § 5 we shall dismiss .1, .0
altogether and instead of them use new equivalent
linear combinations. This amounts to putting 2 =0
from the very beginning. The description then is less
uniform, but the physical meaning will be clearly
visible.

A remark about the null-solutions of the lin-
earized collision operator has to be added. Because
of the restriction to cylindrical symmetry (2.2),
three conserved quantities or collisional invariants
occur

o(p) =0, a=1,2,3, (2.17)
where
_1 _ /,Z(e E) .
(pl_ ’ q72_] 3 _2 ’ 993— mGTopx.
(2.18)
The normalization here is the usual one:
S Papw dy =0 . (2.19)

All the eigenfunctions v; from (2.3), for "zl > 3,
are “orthogonal”, in the sense of (2.13), to the col-
lisional invariants:

kiJ pacowidy = [ @oo(y)dy (2.20)
—[w(p)ypidy =0 for a=1,2,3;]i| > 3.

This means that a distribution represented by a sum
of v’s with |i| > 3 does not carry a flux of the
conserved quantities. Such fluxes are exclusively
carried by the terms vy; with i =1,2.
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For later use we also need the completeness rela-
tion of the transport-relaxation eigenfunctions. Let
us expand a sufficiently decent function of the type
of interest (1.2) in a series of the eigenfunctions
(2.3)

oo

D(p) =D(p.,p?) = 2 yr (P)Ar .

-0

(2.21)

To be precise: @, instead of w should now be em-
ployed in (2.3) so that the eigenfunctions i =1,2
don’t play an extra-role. The “orthonormalization”
(2.13) gives the necessary coefficients

Ai=fki"/"i Cy D d}/ .

Re-inserting this into (2.21) yields
D(P) =f Skivi(p) vi(p)e/ PPy
This shows that completeness means
S kpip) vi(p) e & =3 (p,p) . (2:22)

Of course, the o (p,P”)-function should be applied
with functions of the type @ (p;.p?) only; to ex-
press this, one would have to write

0 (P.t’ px’) 0 (Pg’ P’2) sz’ dPI2

instead, which however is unnecessarily cumber-
some. — If the transport-relaxation eigenfunctions
are not discrete, but continuous or mixed, one has
to do with integrals, with the pertinent spectral
measure in them, instead of the above summations
over the subscript 7. It is unnecessary to dwell on
this.

3. Very Formal Solution of the Plate Problem.
First Positivity Statement

The distribution of the gas is expanded with re-
spect to the particular solutions (2.1) of the lin-
earized Boltzmann equation

(D:Ze—kilwiA‘.. (3.1)

The time-reversed distribution is
Dr=2e oy _;4;=3 e y; 4 ;. (3.2)

Relations (2.6) and (2.7) were used. The sym-
metry (1.7) is fulfilled if

—A_i=4;. (3.3)

Utilizing this, one can rewrite (3.1) and (3.2)

D=2 (e Mzy;—eki®yip) 4;,
N (3.4)
Dr=2(— e y+e Myyr) 4;.
1

The force-flux pair (1.8) of the gas at the interface
r =d/2 now assumes the form

Fr= -P+1Z(‘,Ui+%r)3i,

- (3.5)
Jt=P. c, 2 (wi—yir) coth (ki 5) B;,
1
where
. d
Bi = VE sinh ( k,’ ’:2*> Ai (3.6)

has been abbreviated.
We are ready to write down the first boundary
condition (1.12)

P, c; 2. (w7 —yy7) coth (ki’ ;)Bi' (3.7)
1

= — .I‘LII%:(’P’{ +vy'¢r)dy’ By +Lin Frr.

This is transformed into an algebraic system by
taking moments, i.e. multiplying by v;+vy;r and
integrating over dy on both sides. On the left side
appears the integral
TP, (yi+yir) eo (e —wir) dy
=J (P, +P.) yic, (wy —vyir) dy
=S wic(wr—w_y) dy
1 1 ,
== (‘6[;"——6;_,;’) = 51';’ for l,l g 1. (38)
k; k;

The “orthonormalization” (2.13) has been used. On
the right side the matrix elements appear

Livie = ff &y (wi+wir) Lt (W' +9'vn) &Y', (3.9)
with the dimension of a length, and
Lywi=f dy (wi+vir) Lin - (3.10)
Herewith, the boundary condition (3.7) becomes

S| coth (kg ) o+ Luve B

1

:LIIIiFII for l_Zl. (311)

This infinite linear system can in principle be in-
verted to yield the B;’s which are proportional to the
“applied force” Fyj. This is the “very formal solu-
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tion of the plate problem.” The diagonal first term
in the [ ]-bracket of (3.11) contains bulk quantities
only and the plate distance d. The non-diagonal
second term depends on the boundary and bulk
properties, according to the L;; and the v,’s oc-
curring in the integral (3.9).

The physical way to a positivity statement goes
via the expression (4.20) of Ref.! for the interfacial
entropy production rate per unit area

dS,/do = (Po/Ty) [[ FiJydy +FyJy]l>0. (3.12)

This positivity is guaranteed by the corresponding
positivity property of the interfacial kernel L;; and
its associates Ly, Liyir. The rate (3.12) shall be
rewritten in terms of the matrix elements (3.9) and
(3.10), by use of the boundary conditions (1.12)
and (1.13), together with the expansion (3.5) of Fy:

JFiidy +Fuln (3.13)
:lelBzLIIiz’Bi’—2ZIBiL1HiFH +LiyuFi?>0.

The matrix L;y;7, with its associates Ly, Lirn
again is positive-definite, in the sense of (3.13), for
arbitrary B;’s and Fj;. But the contribution of the
gas can also be directly expressed in terms of the

B;’s alone, by use of (3.5) and (3.8):
[Fildy = = 3 3 [P (vitwir)
e (g —yier) dy Brcoth 1 5 ) B

=1 d
= —Z A coth( )B[2<0. (3.14)
This contribution is negative; it exactly counter-
balances the positive entropy production rate in the
bulk gas. Combining Eqgs. (3.13) and (3.14) gives
the positivity statement

FH -’II: Zlcoth(kl- i) Bi2 (315)
Tk 2

+lzlezL11iz’Bz/—2 ?BiLIIIiFII+LIIIIF112>O-
The right side consists of two positive parts. The
first sum represents the entropy production rate in
the bulk, apart from the factor Py/T,. The other
three terms together form the interfacial entropy
production rate, cf. (3.12) and (3.13). Both parts
combine to give the entropy which enters medium II,
per unit time and area, and which on the other hand
equals FyJy, the left side of (3.15). Now it is
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clear that the heat transfer gq=P, /i1 always has
the same sign as the applied temperature difference
Tin—Ty=TyFy, as it is required by the second
law. Thus, this positivity statement can easily be
interpreted term by term. In § 6, an additional, even
more detailed positivity statement will be derived.

The above positivity statement can also be ob-
tained from the boundary conditions in a merely
mathematical way. From (3.11), a descendent of the
first boundary condition (1.12), one concludes

<) d o0 00
=2 COth( ‘> B2+ 22 BiLi1yw By
1 TT

|-

B LiyiFu. (3.16)

HMR

The second boundary condition (1.13), by use of
(3.5) and (3.10), is

Ju=—[Lin %(V'i‘*‘W:‘T) B;dy +LynFu

= _;LIIIiBi + Ly Frr,s
so that

FrJu= _1ZFIILIIIiB£+LIIIIFII2- (3.17)

Adding Egs. (3.16) and (3.17) restores Equation
(3.15).

4. The Knudsen Case

The Knudsen case is obtained if the pressure P,
goes to zero, with constant distance d of the plates.
After (2.4) this means that all the eigenvalues k;
go to zero too, so that in the [ ]-bracket of (3.11)
only the first term survives:

1
5o V2
k2 d/2 k;
Definition (3.6) has been used. Insertion in (3.4)
gives the Knudsen distribution

Ai=Liu; Fu. (4.1)

oo

Pk = 1}? AL

1

—yir) ki Ly Fo, (4.2)

which is independent of z and of the plate distance.
By recalling the definition (3.10) and relations
(2.6) and (2.7), one can rewrite this in the way

B —

1 = ’ b 4 ’ ’
= 2 i+ ko _y) (! +v'ir) Lin(p’) 4 Fu
V21

1 S ’ ’ ’ ’
= *ij_zki wi(ypi +vr) Lin(p’) dy” Frp.
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Now the completeness (2.22) is employed:

Br= 3 [ L 0®.P) +(p-P)]
‘Lin(p')dy’ Fur.

This gives the Knudsen distribution in the form
1
Dk = Ve [Lin(P) +Lin(—p)] Fu. (4.3)

Thus, the “associates” Lij(Zp) of the interfacial
scattering law, with the projection properties

Ly(p) =Liu(p-ng, p*)P.(c'ny ,

Lin(—p) =Lin(—pn;,p’)P_(eny), (44)

have a direct physical meaning: they are the P.-
and P_-parts of the Knudsen distribution between
parallel plates.

The use of the expansion and its completeness
relation can of course be avoided. From the Boltz-
mann equation, collisionless in the Knudsen case,

c; 0Px/3r=0,

follows that

Pk = Px(P)
is independent of z. The symmetry (1.7) then is
[~ Pr=Dlk, (4.5)

so that the “force exerted by the Knudsen gas at the
interface” vanishes

[FIOC ¢+¢T]K=0. (4.6)

As a consequence, one also has

IFI]Id}’:Oa

which is equivalent to the statement that the entropy
production in the bulk Knudsen gas vanishes. This
had to be expected for the collisionless state. The

first boundary condition (1.12), with (1.8) and
(4.5), now immediately gives

V2P, c, Px=Lin(p)Fr.

This is again the P.-part of (4.3). The P_-part is
obtained by use of the symmetry (4.5).

The heat transfer through the Knudsen gas can
be directly inferred from the second boundary con-

dition (1.13). With (4.6) it yields
Ju=Lun Fr,

(4.7)

(4.8)
or, after (1.9)

qii= (Py/To) Lun (T —T,) . (4.9)

919

Again, the interfacial coefficient Lyj;; (dimension
of a velocity) has a direct physical meaning, as the
heat transfer coefficient of the Knudsen gas between
parallel plates.

For the completely thermalizing wall one has,
after Eq. (6.22) of Ref.!, at x=d/2, the values

Lin(p) = - VZP.(cr)e(e~2),  (4.10)
LIIII=EO= VBkTo/nm (411)

Definition (1.19) is recalled. Thus, the Knudsen
distribution (4.3) between completely thermalizing
walls is

Dg=[—P,(cz) +P_(c;)] (e—2) Fyy. (4.12)

The heat flux is given by
1P, _ d d
9=~ o Tz 2 [Tn (E) - Tn(“ *2)] . (413)

These results are of course well-known.

5. More Detailed Solution of the Plate Problem.
The Temperature Jump

In § 2 it has been mentioned that the eigenvalues
k of Eq. (2.3) vanish for |i| =1, 2. Therefore, the
first two terms of the expansion (3.4) necessitate a
special discussion. We abbreviate them by

. 2
D=3 (e ki, — e yyr) 4;, (5.1)
1
which for k;2— 0 will have the structure
D (z,p) =z @(pz> p?) +¥(pzsp?) . (5.2)

Form (1.2) is recalled. Thus, instead of looking in
detail at the eigenfunctions 12, which is done in
the appendix, one can try to determine the functions
@ and v in (5.2) directly. This is done here.

The expression (5.2) must fulfill the linearized
Boltzmann equation, as every part of the sum (3.4)
does,

(5.3)

The coordinate  occurs only in the middle term,
hence

ccp+ro(p)+o(y)=0.

(5.4)

The function @ simply is a linear combination with
coefficients dy of the collisional invariants from

(2.18)

w(p) =0.

3
¢=Zl<pﬂd5. (5.5)
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One is left with

oY) =—c,p. (5.6)

This integral equation has a solution only if the
right side is orthogonal to the collisional invariants
®P1.93. As is well-known, this requires ¢ to be of the
form

p= (e~ a, (5.7)

where a is a constant. We introduce the Chapman-
Enskog “standard solution” for heat conduction x
according to

() = —cz(e—$) . (5.8)

The function %, for uniqueness, shall be orthogonal,
in the usual sense, to the collisional invariants:

f%ldy:oa a=1,2,3. (59)
It has the symmetry and pressure dependence
%= —JrocPyt. (5.10)

Besides, 7 is eo ipso orthogonal, in the sense of
(2.13), to the eigenfunctions v; with i > 3:

kif yeoypidy =[x o(y)dy (5.11)
=fo()yidy=—f(e—%) c;p;dy=0.

Equation (2.20) has been used. The general solu-
tion of (5.6) can now be written in the form

3
w:%tpuba—{—;{a. (5.12)
Insertion of expressions (5.7) and (5.12) in (5.2)
gives a distribution @ with four constants a, b1 23
which replace the original four constants 4.1, 4.2
from (3.1). However, because of the symmetry (1.7)
and because the gas is at rest, the coefficients by 93
vanish and we are left with the very simple form

D —[z(¢—%) +7]a. (5.13)

For comparison, the distribution in an unbounded
heat conducting gas (or Py= !)

5 T
Dog. = [I (8— 5) +X]W,

the well-known Chapman-Enskog solution, is noted.
Its heat flux is

5
gzce. =Py [ c; (8 - 5) D g, dy

_ P 5\, . °T or
N TOfo (e— 2)xd/ Sz ~4 3z °

(5.14)

(5.15)
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The heat conductivity of the gas
hr=(Po/To) [ 7 (z) dy

is independent of the pressure P .
The full solution, Eq. (3.4), of the plate problem

now assumes the form

(5.16)

D= [zx(e—%)+xla+ g(e‘k"q'i—ek"’lpﬂv)Ai.
(5.17)

According to (2.20), the sum term does not con-
tribute to the heat flux which by comparison with
(5.14) and (5.15) is exactly

g:=—AiTha. (5.18)

Hence, our coefficient a has a direct physical mean-
ing: the heat flux. After (1.9) one has also, at the
plate z = d/2,

P,

a= Tﬁln

(5.19)

Besides that, it is practical to introduce an “effective
temperature gradient” (3T/3x)* or an effective ap-
plied force Fi;* according to

1 ( aT)*_ Fr*

Fir* is that “thermodynamical force” in the sense of
(1.9) which would have to be applied with ordinary
heat conduction (P;= ~!) in order to yield the
actual heat flux ¢, .

The force-flux pair from (1.8) at z=d/2 now
becomes, by use of Egs. (5.17), (5.10) and (5.20),

FI=P+{V2<3_ Z)Fll*_g(’#’i‘i‘wﬂ) Bi]!

h=Poe|V2r o+ Sy con(kg)B].
3
(5.21)
The first boundary condition (1.12), under use of
(1.17), reads

| [sza'i' 2 (wy — i) coth (ki' g) Bi’}
3

= — 32le1 P.P) (Wi +v'ir)dy By + Ly OF,
(5.22)
with the abbreviation

8F = Fy— Fii* = 6TT,. (5.23)
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Equation (5.23) gives an exact definition for the
temperature jump OT at the parallel plates, in terms
of quantities which are already exactly defined. The
second boundary condition (1.13) is

Ju=— %LIIIiBi + Ly OF .

(5.24)
Use has been made of definition (3.10).

Now let us again take moments as it has been
done with Equation (3.7).

Firstly, we multiply (5.22) by V2(¢e—3%) and
integrate. The left side gives, with (5.16) and (5.19),

2fd7P+(5_fzi) sza=fd7(£—f?)czx0

T,
= 'ITO Ara= —J.
For the right side, Eqs. (1.17) and (3.10) are
recalled. This first moment of Eq. (5.22) thus is

—Jn= 3ZLIIIiBi — Ly OF . (5.25)
It coincides with the second boundary condition
(5.24). This is no surprise. The second boundary
condition follows from the first one via energy con-
servation.

Secondly, we multiply (5.22) by v;+vy;r, with
i = 3, and integrate. By aid of the “orthonormality”
(3.8) and of the definition (3.9), we obtain

%[%coth( d)éu-{—LII”]Bi'

= LI i oF for i _Z 3. (526)

This is to be compared with the system (3.11). The
difference lies in the range of i, i’ and in the right
side, with OF instead of Fyj.

By inversion of the system (5.26), the B’s for
i 2 3 are obtained in terms of the temperature jump
OF. Insertion into (5.25) gives the heat flux, in
terms of OF again. Then, by (5.20) and (5.23),
also the connection between heat flux and applied
temperature difference, Fy; or Ty —T,, is known.
This will be further discussed in the following sec-
tion.

6. Second Positivity Statement.
Sign of Temperature Jump.
v. Smoluchowski Approximation

Due to the differences between the systems (3.11)
and (5.26), a second relevant positivity statement
can be made which involves the temperature jump
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whereas (3.15) deals with the applied temperature
difference. We multiply (5.25) by Fyi* and (5.26)
by — B;, sum and obtain

0=Fu* JII+Z coth( d—) B2
+3.§B L1 B +F11'ZLmiB

(6.1)

pT—

— |\ Fu* LIIII+zB L1111> OF .

From the second boundary condition (5.24) follows

FuJu= —Fn gLIIIiBi +FuLundF. (6.2)
Equations (6.1) and (6.2) correspond to Egs. (3.16)
and (3.17). Addition of (6.1) and (6.2) yields, by
use of definition (5.23),

d
Fulu=Fu* ]n+z COth(’*’ )Biz (6.3)

+ %ZsBi Liri Bi'_2§BiLIIIi OF + Ly (0F)2.

The first term on the right side

A1
LFu*2>0

T,
Fu* Jy= Pyd)2

(6.4)

is obviously positive; it is a part of the entropy
production in the bulk gas. Together with the sec-
ond positive term on the right side, namely the sum
over B2, it forms the entire bulk entropy production
rate. The last three terms on the right side, positive
together, give the entropy production rate in the
interface. From (6.3) one concludes

x 1 d
OF Jy= (Fy— Fy™) ]11=3ZK coth (ki 5) B#

2§BiLIIIi6F + Ly (oF)2.
(6.5)

+%23:Bi Li1iw By —

This is another positive combination. Thus, besides
the very general result (3.15) which was

FiJu>0, (6.6)

it is, more specially, also true that the products

Fy*Ju>0, OFJy>0 (6.7)

are positive. This is our second positivity statement.
It means that the inequality holds

!FH|>!FII*|, (6.8)
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in words: the temperature jump at the parallel plates
is such that the “effective” temperature difference is
always smaller in absolute value than the applied
temperature difference.

We return to the linear equations of § 5 and
write down Egs. (5.25) and (5.26) in the way

Ly OF — %LIIIiBi =Ju
—Liqi0F+ 2KyBy =0, i=3, (6.9)
3
with the abbreviation

Kii' (d) = ‘1’“ coth (kl ’(21*) aii' + LIIii' . (610)

ki

The flux Ji; now figures as the given inhomogeneity,
OF and the B’s are the unknowns. The matrix of the
system (6.9) is positive-definite. The L’s are posi-
tive-definite anyhow, and adding positive terms in
the diagonal, as it is prescribed in (6.10), even
strengthens positive-definiteness. We solve the sec-

ond line of Eq. (6.9) for B;
B;= %Ki_ﬁ Liny oF
and insert into the first line
5F=JH/<LIIH— 25; LIIIiK;i;LIIIi'>- (6.11)

In terms of the physical quantities themselves, this is

87 = Tp—Tit* (6.12)
T 0o 0o
= ITO‘III /<LIIII— 22 L K@ LIIIi')-
0 )

The double sum in the ()-parenthesis, with the in-
verse positive matrix K~ in it, is positive, but in
any case smaller than Ly according to (6.7).

Neglect of the double sum in (6.12) gives the ap-
proximation for the temperature jump of the par-
allel plates

T,
PyLun e
which sets a lower bound to the absolute value of the
exact temperature jump of the plates:

| 0T | >[0T spp |

A next approximation is not easily obtained.

In the hydrodynamical case, d = o, one has

Kir(d=o) = o

0T sppr =

(6.13)

(6.14)

é,-,-'-f-L”ii’. (615)

To evaluate the double sum of (6.11) in the hydro-
dynamical case is not easier than doing this in the
most general case.

With thermalizing wall collisions one has, after
the last equation of Ref. 1,

Lyn=4¢,=c,=V8kTyfzm. (6.16)

The temperature jump then is approximately
Ty
Py, ™

This is v. Smoluchowski’s value for complete ac-
commodation 7.

OT appr = (6.17)

7. The Moment Method for Comparison

It has been emphasized in Ref.! that the new
boundary conditions form a seamless union with the
linearized Boltzmann equation, so that one and the
same truncated moment expansion of the distribu-
tion can be used for both, the integro-differential
equation and its boundary conditions. This scheme,
generally indicated in §6 of Ref.!, shall now be
exemplified by the application to the heat transport
case. It may be compared with the exact solution of
the preceding sections.

The distribution is approximated by the poly-
nomial

P=g1a;+Pra,+ @1 A+ P Ay (7.1)

The orthonormalized functions of P are chosen as

=1, ¢2=V%(€—%), } (7.2)
@ =p/mcy, P:=Vz(e—3)P/mcy,
with the abbreviation

co=VkTy/m. (7.3)

The coefficients, dependent on ¢ and X, have the
physical meaning

g = Vg(TI_ T,) /To 5
a;=V3qi/Pycy.
The number density, temperature, velocity and heat
flux, n, T, v and @q, bear the subscript I, to stress

that they belong to the gas. The interfacial force-
flux pair of the gas is given by

ay = (nI—no)/”o,
a1=v1/00,

} (7.4)

1
Fi= ﬁp+(®+ Dr) =V2P.(p1a;+Psa5) , (7.5)

ey

=3

P.c(D—DPr) =V2P.c(pyay +@,a,).
(7.6)
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Definition (1.10) is recalled. The boundary condi-
tions (1.12) and (1.13) are

V2P, c(®y @+ P2 Q,)
=[Lii(p.P)V2¢y aydy’ + Liu(p) Fu  (7.7)

Ju=[Lin®)VZ @) a;dy +Lyn Fu. (7.8)

The ¢;-term of Fi has been omitted; because of the
subsidiary condition (1.16) it does not contribute
to the integral. Of course, these functional relations,
especially (7.7), can be fulfilled only approximately,
not exactly for every value of p. The same happens
with the linearized Boltzmann equation, in the same
stage of polynomial approximation.

The condition (7.8), which contains no p-vari-
able, is nothing but the approximate temperature
jump condition (6.13). Indeed, the meaning (7.2)
and (7.4) of @,, a, and the use of (1.18) allow to
rewrite the integral term as

SLin®) V2@, dy ay= — Ly (T1—T,) /T, .

Thus, by use also of the definitions (1.9), condition
(7.8) assumes the form

qur

qu Tu—Tq
P, ’

=Ly - T, (7.9)
This coincides with the approximation (6.13) of the
temperature jump found for the parallel plates, if
the effective applied temperature Tp*, introduced
by Eq. (5.20) and occurring in the exact formula
(6.12), is, approximately again, identified with the
temperature T of the gas at the plate z=d/2. This
approximation does not sound unreasonable.

There is still the first boundary condition (7.7)
to be discussed. To get rid of its p-dependence which
cannot hold exactly, one will take moments by
multiplying with ¢,, @, and integrating. After a
little algebra and with the abbreviation [dy...
={(...), one obtains the matrix elements on the left
side

(p1Pic@))=3%comi, (p1P.cey)=0,

1 =
(paPrcpy) = ﬁconl’ (PP, c @s) =V15§00n1-
(7.10)

On the right side only two non-zero matrix elements
appear

’ ’ 2
(pf L VI &) = V2 L,
1
(@2L1m) = - WLIIII- (7.11)
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Thus, the two moment equations naturally belonging
to the condition (7.7) are

nra, =0, (7.12)
2kTy, (1 5
V m M (V6a1+ V12a2>
1
=LIIII(};’§’02— ﬁFu)' (7.13)

Replacing a,, @, according to (7.4), one recovers
the temperature jump formula (7.9).

The polynomial approximation (7.1) can be im-
proved by adding terms in @3, @, etc., containing
the next higher powers in the energy, as it was done
in Reference . The pertinent enlarged boundary
conditions involving ag, @3, etc. will be found in
close analogy with the presentation here.

Appendix
The Transport-Relaxation Eigenfunctions
YWits Wi2

In this appendix, the artificial positive parameter
Q from (2.12) is assumed to be small, but non-
zero. Then, there are two pairs of eigenfunctions
Wi1, W2 with eigenvalues k., k.o which also are
small, but non-zero.

With the selfadjoint operator

L=w,"1c w12, (A1)
the eigenvalue problem (2.11) for the function
Pp=0ly (A2)
has the simple form
L= Q1/k)p. (A3)

Now, let us switch over to a representation based on
the eigenfunctions @, of the collision operator w

W Qg = Wq Pa (A4‘)
with eigenvalues w,. One has w;23=0, and w,>0
for a=>4. For ¢ 23 see (2.18). Again, if the
w-spectrum is otherwise continuous, integrals in-
stead of sums should be imagined in the following.

We expand

W=?_:‘Pa¢la, ¢=¥(paéa9 (AS)
with
Ga=Vo,+2a,. (A6)
Equation (A 3) then is
thmléa’ = (l/k)da' (A7)
1
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It has been abbreviated

c
’=l’ ~ Cad’
b =lota = V(w +Q)(w +Q) (ab)
with
Ccu'ZCa'a:f(pa Cr Do’ d}/. (A 9)

The diagonal elements of the c-matrix vanish and
some more special values which will be needed, are
listed too:

Caa= 03 623=V%CO (A 10)

C1a= 034 ¢y for all a;
with -
co=VEkTy)/m.
The eigenvalue system (A 7), for small 2 now is
in detail

a=1,2,3:
1 3 2 Ca P 1 .
QEI:C““ o ‘421/ ~ kaﬂ (A11)
a = 4:
G s S La. (A1)
V2 £V, T 4 Vw wy T e

With eigenvalues which go to zero if {2 goes to zero,
one can neglect the second sum in (A 12). This
yields

a>4: @

3

Insertion of these a@,’s into (A 11) leads to the fol-
lowing simple 3 x 3 eigenvalue problem

10 R L
— 2 (Con + kduy) s =~ 5 G (A 14)
273
with =1, 2, 3 and the abbreviation
= Z Caq’ ca”a’/wa” . (A 15)
4

From (A 10) and from later considerations, see

(A 32), follows

di,=0 for a=1,2,3; dy3=0. (A16)

Again according to (A 10) and after multiplying
by k, the Eqs. (A 14) are explicitly

Kdy) . 2 key
(1—72)(12 —]/g_gga3=0
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The condition for vanishing determinant is

(1 Ry (| Fdy\_(5_F d%l,)ﬁﬂf ~0
0 0 3 Q Q2 ’

(A 18)

a quadratic equation for k2. The first approximation
for the roots is readily obtained by assuming:

i) ko, which implies £?/22— 0, so that after
(A18)

5 K cy® 3 Q2
_ g=t

1- 302 0 or k.q B ¢’ (A 19)
i) ko V/Q, which implies £%2/02 — o, so that after
(A18)
5 Kdy 50
— - == - co=T -
=~ =R 0 or ke V3d22 (A 20)

Herewith, the eigenvalues are already known ac-
curately enough. The eigenfunctions are, after (A 5)

and (A 13)
3

A A21
y= VQ ? Pa+k %) (A21)
where three new functions

Xa— ; (2% (ca'a/wa') (A 22)

automatically appear. The k-values are to be taken
from (A19) and (A20), the corresponding a’s
from (A 17).

Before writing down the eigenfunctions, let us
discuss the y’s. They contain only ¢’s with a =>4
so that they are orthogonal to the collisional in-
variants:

S ®ardy=0 for
After (A 10) one has
xl = 0 .

a=1,2,3. (A23)

(A24)
Application of the collision operator gives
o 3
W Yo= %qja' Cola — El:(pa' Ca'a -

The first sum can be rewritten by aid of the com-
pleteness relation [cf. the remark after Eq. (2.22)]

12 P (P) p’)dp’/dy.

This gives

Po’ (p,) = 6 (p,

3
wxa=c.‘t(pa—§l:‘pa'cu'a° (A25)
The meaning of the y’s therefore is: solution of the
(collision) integral equation with ¢, ®,, ortho-
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gonalized to @y 23, as the inhomogeneity. Calling

~Vip=g=4§-¢, (A 26)
one has for
1—Vita=—-Vi=12 (A 27)
the equation
Wy=c,P. (A 28)
Thus, x is indeed the Chapman-Enskog “standard

solution” for heat conduction from (5.8).
The “diffusivities” d,,’, introduced in (A 15),
are linked with the y’s. Let us consider

S ta ypdy = Zfs‘va (Cz(pﬁ_ ) dy

oo
; aﬁcaa/w _duﬁ

The dotted orthogonality term drops out on inte-
gration. Thus we have

dag=f ta® 25 dy . (A 29)
Use of (A 27) and (5.16) now shows that
dos= 2Ty A[3P,. (A 30)

This says that d,, is the thermal diffusivity of the
monatomic gas. The discussion of a unidirectional
(non-stationary) compression flow, somewhat simi-
lar to the discussion in Egs. (5.14) — (5.16), shows
that

d33=4‘n/390, (A31)

where 7/0, is the kinematic viscosity. Furthermore,
because x5 is odd, w x5 even in P, the cross element
vanishes

d23 = 0 .
This had been anticipated in (A 16).

Now, the eigenfunctions ¥ .1, 9.2 are composed
according to (A 21), with the coefficients Gy 23 to
be obtained from system (A 17) where k.1, k.o
have to be inserted respectively. A normalization
factor is still open. In accordance with Eq. (2.13)
we require

1=fyo,ydy
1 33 .
=0 22/ @t k) 0. (@s+k25) dy Gy

(A 32)

(A 33)

By use of w, ¢g=2 @4z and of (A 23) and (A 29)
this is equivalent to the requirement

33 k2
?12 (641/3 + —.6 qu) éa éﬂ =1. (A 34)
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In the matrix thereof, the strongly vanishing term
k® [ 7, 75 dy has been neglected. One obtains in this
way the normalized eigenfunctions

1,,( 1/3 . 2, _1/5
va\? 10 7 105?10

1/3 Q2 3 0
+o /22 22
+[_zz i +x3]/m ]) (A35)

w‘~>=L<¢ /2 - l/ e V3ds 0
= ye\" 1o 10 ~ 7% 3¢
Vi)
The smallest terms, in the parentheses, of power £,
have been set between [ ]-brackets. They are not
needed in the applications, e. g. to regain the results
of §5, especially Eq. (5.17), and they should not
be taken too seriously, because of the early approxi-
mation underlying (A 13). The normalization fac-
tors in (A 35) and (A 36) have been calculated
without the [ ]-terms. — As a general remark, it
shall be pointed out that putting 2 equal to zero
destroys the existence of 1 5. This of course had
to be expected. — The sign property v _1=v 17,
w_o=1,or is fulfilled, in recognition of ¢y or
=P1,25 Par= — P85 Nor= — /25 XsT=1X8-
The “orthogonality” of v, ¥,, in the sense of
(2.13), shall be checked. It can be handled in the

same manner as the normalization in (A 33) and

(A 34). This leads to

Y11=

ki ks .
f% W, Yo d)’ ] Zz( ap + b da3>aluagﬂ.

(A 37)
With
k1 ky _ /
Co ] dys
and with the coefficients @y, d> .. from (A 35)
and (A 36), one finds
[y opdy= YO M0 o (A38)
10 002

The terms independent of 2 and those in V42 have
cancelled. So far, “orthogonality” is fulfilled, which
is a check of the calculation. The small non-ortho-
gonality of order f2, indicated by (A 38), is not
serious. By the way, orthogonality defined by

f wiczypdy=0 (A 39)
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is exactly fulfilled if one uses (A 35) and (A 36)
without the [ ]-terms.

Finally, the fluxes j, of conserved quantities ¢, ,
a=1,2,3, borne by the eigenfunctions ¥ .1, y.s
shall be considered. After (A5) and (A 6) one has

ja="0f<PaCxwd7 (A4<0)
N S
=10 PaCz lgpa VQ . Pa Vo)a" 7 -
Using (A 13) and (A 15) one obtains

3
ju:no Z(Caa’+kdaa') a . (A 4‘1)
1
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